Resonant speed meter for gravitational wave detection 
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Gravitational-wave detectors have been well developed and operated with high sensitivity. How- 
ever, they still suffer from mirror displacement noise. In this paper, we propose a resonant speed 
meter, as a displacement noise-canceled configuration based on a ring-shaped synchronous recy- 
cling interferometer. The remarkable feature of this interferometer is that, at certain frequencies, 
gravitational-wave signals are amplified, while displacement noises are not. 
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In a gravitational wave (GW) detector using a ground- 
based laser interferometer, such as LIGO, VIRGO, GEO 
600 and TAMA 300 [H, mirror displacement noise, in- 
cluding seismic, thermal, radiation pressure noise, etc., 
is dominant at low frequencies, and limits the sensitivity. 
Recently, a design for a displacement-noise-free interfer- 
ometer (DFI) for GW detection was originally suggested 
by Kawamura and Chen Q and developed [sl, I3|- The 
idea is based on two principles. One is that GWs and 
test-mass displacements contribute differently to light 
propagation time. The mirror motion affects light when 
the light is reflected by the mirror, while GWs affect light 
during the propagation of the light. The other is that, for 
the cancellation of displacement noise, mirror displace- 
ment has to be sensed simultaneously and redundantly by 
independent light beams. According to these two princi- 
ples, combining each signal between test masses, one can 
form the displacement-noise-free signal with GW con- 
tribution. Therefore, in principle, the sensitivity of the 
DFI signal is limited only by shot noise. In conventional 
DFIs, the magnitude of shot noise is as large as that of 
a Michelson-type interferometer, since the conventional 
DFIs neither use a cavity nor amplify gravitational-wave 
signals • To further improve the sensitivity, a detector 
design with a cavity is needed. 

In this paper, we propose such a design, a so-called res- 
onant speed meter. Our reason for calling it a resonant 
speed meter is described later. In this configuration, dis- 
placement noise is suppressed with the noise cancellation 
method different from DFI. In DFI, the mirror displace- 
ments have to be sensed at the same time with two or 
more beams, while in this method, they are sensed at 
different times with the interval Ai. This means that, 
at the frequency [/S.t)~^ , the phase of the mirror motion 
rotates by 27r. In other words, the beams experience the 
mirror displacement in phase. Thus, the mirror displace- 
ments at different times can be canceled by subtracting 
the signals of these beams. Note that this cancellation 
occurs at the multiple frequencies of {/^t)~^ , and that 
residual displacement noise remains at other frequencies 
i- 

On the other hand, the cavity has to be designed to 



amplify the GW signals. Such a design is possible if one 
takes advantage of the quadrupole nature of GWs. At the 
noise cancellation frequency (Ai)^^, if one beam propa- 
gates in one direction during the first half period and in 
the right-angled direction during the other half period, 
the GW signal can survive. For the beam propagating 
on the same path in the opposite direction, the GW signal 
with the opposite sign can also survive. Then, subtract- 
ing the two beams gives an amplified GW signal. 

The detector configuration of the resonant speed me- 
ter is shown in Fig. [T] Laser beams divided at the bal- 
anced beamsplitter Mb are reflected by completely re- 
flective mirrors Ma and Mc, and enter the (ring-shaped) 
synchronous recycling cavity, which is formed by an in- 
put mirror Mi and three high- reflective mirrors M2 — M4. 
In the cavity, each beam circulates clockwise (CW) and 
counterclockwise (CCW), then leaves the cavity and is 
finally recombined at the beamsplitter Mb 0- In the 
presence of GWs, the modulation signals due to GWs at 




photodetector 

FIG. 1: Design of a resonant speed meter. A synchronous 
recycling cavity is composed of the four mirrors Mi — M4. 
The electric fields of a CCW beam Ai, Bi, Ci, and De are 
shown. The fields of CW beam are obtained by reversing 
along the y axis. 
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certain frequencies resonate in the cavity. In this paper, 
we will derive the detector responses to mirror displace- 
ments and GWs in the resonant speed meter, and show 
that, at certain frequencies, the displacement noises can 
be suppressed, while GW signals are amplified. We also 
show that the detector sensitivity to GWs can be im- 
proved proportional to the circulating number of light in 
the cavity. 

Detector response. — Mi has an amplitude reflectivity 
and transmissivity {Rp,Tp). As for the three other mir- 
rors M2, M3, M4, one can deal with the reflectivities in- 
troducing the composite reflectivity Re- For simplicity, 
none of the mirrors have loss. Let us denote the displace- 
ment of Ml, M2, M3, and M4, in the absence of GWs, 
as X2{t), 2/3 (i), and X4(i), respectively, where the 

coordinates x and y are defined in Fig. [T] Electric fields 
in the cavity are phase-shifted due to the GWs and the 
displacements of the mirrors. The field circulating CCW 
(denoted by fixing the subscript £) can be written as 

Di{t) = RECi{t~AT) eTq>[4iujT + i(f>^f\t) + V2iuj/c 
X {-X2it - t) + y3{t - 2t) + x^{t - 3t)}] , (1) 

where t = L / c, c is the speed of light, L is the side length 
of the cavity, and to is the angular frequency of laser 



light. 



a(s) 



(t) is the phase shift created by the GW and 



is expressed as the sum of each-side contribution during 
the propagation in the cavity. 



4''\t) = (f>2l{t) + ^32{t - t) + Cf>^3{t - 2t) 

+ (l>14:{t - , 



(2) 



where, say, (j>2i{t) is the phase shift due to the GW during 
the light trip from M2 to Mi. The junction conditions at 
Ml are 

Ceit) - RpDeit)e-^'^y'^'^/^ + TFAeit) , (3) 
Beit) = TpDiit)- RFAi{t)e^"^y''''^''' . (4) 

Equations HI, ([3]), and (j4|) are solved separately from the 
CW fields, and give 

Bi{t) = -RFAi{t)e^"^y'^*^ 

00 

+ Y.TlR%R'f^A,{t~AkT) 

k=l 

X e-xp\AikijjT + ^/2iujyi{t — Akr) 
\{cp['\t-A{k' -1)t) 
+0f (t-4(fc'-f)r)}]. 
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where <p^^\t) is the phase shift due to the displacement 
of the mirrors and is expressed by 

4>f\t) EE V2w/cx [--X2{t - t) + y^it - 2t) 

+Xi{t - ir) ~ yi{t ^ At)] . (5) 



We assume that the carrier field at Mi is Ai(t) = Age*"* 
and nonperturbed cavity length satisfies the resonant 
condition Aojt — 2'Kn, n — 1,2, ■ ■ ■ . In addition. 



1, 



^ 1, and wyi/c <C 1 are assumed. Using these 
assumptions and defining Te{t) = Bf {t) / Ap{t), we obtain 



-Rf 



1 + V2iu}yi{t) 



-r| J2 R%Rf~^ [l + V2iuoyi{t~ 4fcr) 



k=l 



+z5^#+4'')}(t-4(fc'-l))] 



k' = l 



(6) 



Fourier transformation of Eq. 
the form, 



I, it can be written in 



f.iSl) = V2iLol3{n)y\+ia'{n){^'^f^ +^f), (7) 

a\n) = 



RpREe-'^'"^ ' 
TpRE 



(1 - RfRe){1 - RpRpe-^^^^) ' 

Here /3(ri) and a'{Vl) are optical amplification factors due 
to the cavity. According to the axisymmetry of the sys- 
tem along the y axis, the transfer function for the CW 
beam is obtained by replacing the subscripts, 4^2 and 
2 — > 4, and reversing the sign of i, then, 

fr{n) = V2iwl3{n)y\ + ia'ifl)i}i<') + ^Wy (g) 

The differential of the two beams is detected at the 
photodetector, and gives 

f{n) = fr(9)-fi{n) 

^(d)_^{d) ^ 2%/2iw/cx e-2'"^sinJ7T(£2 +i4).(9) 

At this stage, the displacements j/i and 2/3 in Eqs. ([7]) 
and ([5]) are automatically canceled out at any frequen- 
cies. This is because the CW and CCW beams simulta- 
neously experience the displacement of Mi and M3 . 
In addition, at the frequencies that satisfy fir = nn, n — 
1, 2, • • • , Eq. ^ gives exactly zero, and all displacement 
noises vanish. This is because the CW and CCW beam in 
the cavity experience the displacement of M2 and M4 in 
phase, though the time of reflection is shifted by multiples 
of the period. Therefore, in our detector, displacement 
noises in the cavity are not amplified around the cancel- 
lation frequencies, though the cavity is on resonance. 

Suppose that a GW propagates in the direction verti- 
cal to the detector plane with the polarization along the 
direction M1-M2 and M1-M4. In the transverse-traceless 
gauge, it can be written as 

h^^(t, z) = h{t - z/c)[u® u - V v] , 
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FIG. 2: GW response 7i^ms(f^) (upper figure), and displace- 
ment responses Trml (Q) and Trml {^) (soUd and dashed lines in 
the lower figure, respectively) as a function of normalized fre- 
quency flr/n. Each quantity is normalized to be dimension- 
less. The reflectivities of mirrors are Rf ~ 0.99 and Re = 1 
for the illustration, which corresponds to a' ~ 200. 



where u and v are unit vectors directed from Mi toward 
M2 and M4, respectively. Let the detector be on the x — y 
plane and set z = 0, for simpUcity. The GW- induced 
phase shift of light during the trip from M; to Mj is given 

by i 

4)ij{n) = ±huj/n X e-*"^/2 sin(r2T/2). (lO) 

The positive and negative signs correspond to the vertical 
and horizontal propagations in Fig. [TJ ft, is the Fourier 
component of GW amplitude. From Eq. ^ and the 
counterpart for the GW beam, the Fourier component of 
the total GW response is 

^(9) _ 0(f) = 8ihuj/n X e-2^f^^ cos(17r) sin2(f7r/2) . 

(11) 

So far, we have ignored the contribution of displace- 
ments at the mirrors in the Sagnac part, M^, M^, and Mc, 
in Fig. [1] In fact, these displacements are not canceled, 
and will contribute as residual noise. The contribution is 

4>i'^ -4>'f'' ^-V2uj/c{xa-S:b + ic), (12) 

where Xa, Xb, and Xc are Fourier components of the dis- 
placements of the mirrors. Ma, Mb, and Mc. 

Let us define each contribution of the total detector 
output as 

r(s)(r!) = (13) 
r('^)(f7) ^ ), (14) 

r(^)(i7) ^ ^i'^-^'fl (15) 



Assuming that the magnitude of disturbances at each 
mirror is the same (the phase is not), we define irms = 
y^jiTp), where i — 1,2, 3, 4, a, b, c, and (• • • ) denotes the 
ensemble average. Then, root mean squares of Eqs. (fH|) 
and p5|) are 

fj^^jn) = 4^/c X \a' sin r!r| , (16) 
ttlm = Vew/cxi™,. (17) 

The GW response T^^ ^ , and the displacement responses 
T^ml and T^ms, are shown in Fig. [5] as a function of 
normalized frequency SIt/tt. The GW signal resonates 
at JIqw — 2tt X (2m — 1)/2t, while the cancellation of 
the displacement noise in the cavity occurs at r^cancci = 
2tt X n/2T, where m, n = 1, 2, • • • 8]. For m = n = 1, 
the GW signal is amplified, while the cavity displacement 
noise is not. This can be explicitly seen from Eqs. ((9]) and 
(fTT|) . The degeneracy between the noise cancellation fre- 
quencies and the GW-signal amplification frequencies is 
broken. Thus, there exist the frequencies where the GW 
signal is amplified and the displacement noise is canceled. 

The noise cancellation mechanism is the same as that 
of a speed meter p]. This can be understood explicitly 
in a time domain. From Eq. ^ and the CW counter- 
part, the round-trip displacement response in the cavity 
around the cancellation frequencies can be written as 

^''Ht) - 4"^*) = V2u;/c[x2it-T)-X2it-3T) 
+X4{t — r) — X4(t — 3t)] 
- 2V2ujt/c [v2it - 2t) + Viit - 2t)] . 

Our detector senses not the mirror positions but the mir- 
ror velocities. Moreover, the GW signal is amplified by 
the resonant cavity. This is the reason why we call it a 
resonant speed meter. 

Sensitivity. — The signal-to-noise ratio (SNR) can be 
calculated by 

Here we added quantum noise T^'^-' , which has a 
frequency-independent spectrum. In Fig. [3l the noise 
curve of each component is shown. For the illustration 
of the noise cancellation, we choose the displacement 
noise significantly dominant, namely, irms = 10 2:shot at 
flr/n — 1, where ishot = T^'^^ c/uj (Note that whether 
the displacement noise is dominant or not depends on 
the detection frequencies.). Around Q.t/tt = 1, cavity 
displacement noise is canceled. The cancellation does 
not exactly occur at other frequencies and the residual 
noise creates a dip on the displacement noise spectrum 
at the cancellation frequencies. The bandwidth of the 
dip is determined by the optical path length between M2 
and M4, in other words, by the optical time lag that GW 
or CCW beams experience the displacements of M2 and 
M4. The time lag is 2r in our detector and gives the fac- 
tor sinilr in Eq. (fTB|) . The total sensitivity at ilr/Tr = 1 
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FIG. 3: (Color online). Relative noise curves of a resonant 
speed meter. Each curve, "cavity", "Sagnac", and "shot" is 
the plot of the displacement noise in the cavity, the displace- 
ment noise in the Sagnac part, and quantum (shot) noise, re- 
spectively. The curve "total" is the sum of these three noises. 
The reflectivities are Rf = 0.99 and Re = I {a' ~ 200 at 
Ot/tt = 1). 



Conclusions. — In this paper, we suggested a resonant 
speed meter for GW detection. In general, the displace- 
ment noise in the cavity is ampUfied at certain frequencies 
along with GW signals. However, in our detector config- 
uration with a ring-shaped synchronous recycling cavity, 
the displacement noises are suppressed, while GW signals 
are amplified. The sensitivity is improved proportional 
to the circulating number of light in the cavity within a 
narrow bandwidth. Such a detector is considerably ef- 
fective for detecting GW backgrounds and could be one 
of the alternatives to resonant-bar-like detectors in the 
future. 
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FIG. 4: Dependence of relative total-noise curve on a' . Solid, 
dashed, and dotted curves are when a' ~ 200, 2000, 20000 at 
nr/n = 1, corresponding to Rf = 0.99, 0.999, 0.9999, respec- 
tively, and Re = 1- 



is limited by residual displacement noise in the Sagnac 
part (or shot noise if the displacement noise is relatively 
small). However, both noises decrease proportional to 
a' because of the amplification of the GW signal. On 
the other hand, the displacement noise of the cavity mir- 
rors is independent of a', but is already canceled around 
fir/vr = 1. Thus, within the narrow bandwidth, the total 
noise level diminishes as a' increases. 

In Fig. m the dependence of the relative total noise 
curve on a' is shown. The noise cancellation allows us to 
improve the sensitivity, being proportional to a' without 
being limited by displacement noises. Roughly speak- 
ing, the bandwidth of the total noise curve is inversely 
proportional to a' . 
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